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Non-Darcy Effects on Nonparallel Thermal Instability
of Horizontal Natural Convection Flow

J. Z. Zhao¤ and T. S. Chen†

University of Missouri-Rolla, Rolla, Missouri 65409

The non-Darcy effects on the vortex instability of natural convection � ow over a horizontal � at plate embedded
in a high-porosity medium are examined. These effects include the form-drag, viscous diffusion, and convective
terms in the conservation equations. The instability analysis is conducted by employing the linear theory in con-
junction with a nonparallel � ow model, which takes into account both the streamwise and transverse variations of
the disturbance amplitude functions. The resulting system of partial differential equations for the disturbance am-
plitude functions is converted to a system of homogeneouslinear ordinary differential equationswith homogeneous
boundary conditions by the local nonsimilarity method. This results in an eigenvalue problem that is solved by an
implicit � nite difference method. The numerical results indicate that all of the three non-Darcy effects examined
in the present study reduce the surface heat transfer rate as compared to the case of pure Darcy � ow. These effects
also render the � ow to become more stable to the vortex mode of instability.Representative neutral stability curves
and critical Grashof numbers are presented. It is found that the parallel � ow model underpredicts the onset of
thermal instability, that is, it provides lower critical Grashof numbers than the nonparallel � ow model.

Nomenclature
a = spanwise wave number of the vortex roll
c = form-drag coef� cient
D = partial derivative with respect to ´
Dax = Darcy number, K=x2

Fr = Forchheimer number, 5.1 ¡ m/c.2 ¡ m/g¯ AK 5=2=º2

f = dimensionless streamfunction
Grx = local Grashof number, g¯[Tw.x/ ¡ T1]x3=º2

g = gravitational acceleration
h = convective heat transfer coef� cient,

¡k.@ NT =@y/y D 0=[Tw.x/ ¡ T1]
K = Darcy permeability
k = thermal conductivityof porous medium; or

dimensionless wave number, ax=.Grx =5/1=5

m = exponent in the wall temperature power-law variation
Nux = local Nusselt number, hx=k
Pr = Prandtl number
p = pressure
T = temperature
t = time
u, v, w = streamwise, normal, and spanwise velocity

components in the x , y, and z directions
x , y, z = streamwise, normal, and spanwise coordinates
® = effective thermal diffusivity
¯ = coef� cient of thermal expansion
° = spatial growth of the vortex roll
´ = pseudosimilarityvariable, .y=x/.Grx =5/1=5

µ = dimensionless temperature
¸ = ratio of volumetric heat capacity of the saturated

porous medium to that of the � uid
¹ = � uid dynamic viscosity
º = � uid kinematic viscosity, ¹=½
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» = nonsimilarity parameter, 1=[Dax .Grx =5/2=5]
½ = � uid density
¾ = temporal growth factor of the vortex roll
Á = porosity of the porous medium
Ã = stream function

Subscripts

w = condition at the wall
1 = condition at the freestream

Superscripts

¡ = main � ow quantities
0 = in� nitesimal disturbance quantities
C = dimensionless disturbance quantities
» = amplitude of disturbance quantities
¤ = critical parameters

I. Introduction

F OR buoyancy-induced� ows in porousmedia over a heatedhor-
izontal � at plate, the disturbance of � ow can occur in the form

of longitudinal vortex rolls. The instability of such a � ow is caused
by the presence of buoyancy force normal to the plate surface. Ex-
perimental investigations on thermal instability of clear � uid � ow
in natural convection by Sparrow and Husar1 and by Lloyd and
Sparrow2 have shown that for inclined angles in excess of 17 deg
relative to the vertical, including the horizontal case, the instability
is characterizedby longitudinal vortex rolls. Theoretical studies on
the onset of longitudinalvortex rolls for natural convection in clear
� uids have also been conducted by Hwang and Cheng,3 Haaland
and Sparrow,4 Chen and Tzuoo,5 and Tien et al.,6 among others. In
these analyses, a parallel � ow model or quasi-parallel� ow model is
employed, wherein the streamwise dependence is neglected in the
amplitude functions of the disturbance � ow. These analyses have
revealed that consideration of the nonparallelism in the base � ow
can affect the behavior of the neutral stability curves. Later, stud-
ies of thermal instability of natural convection � ow in clear � uids
conductedby Lee et al.7;8 based on the nonparallel � ow model have
shown that the instability characteristics change remarkably when
the nonparallelismof the disturbance amplitude functions is taken
into account in the analysis.

The instability analysesof boundary-layer� ows in porous media
have received considerable attention in the past decades. Based on
Darcy’s � ow model, Hsu et al.9 and Hsu and Cheng10 presented
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instability analysis for natural convection � ow over horizontal and
inclined � at plates embedded in � uid-saturated porous media and
solved the disturbance amplitude equations using the local simi-
larity method by neglecting the effect of the axial variation of the
amplitude functions. A similar study was carried out by Jang and
Chang11 on the thermal instability of natural convection � ow over
a horizontal plate in a porous medium under the combined buoy-
ancy effects of heat and mass transfer. Later, Jang and Leu12 also
studied the effect of temperature-dependent viscosityon the thermal
instability of natural convection � ow over a horizontal � at plate in
a porous medium.

When a high � ow rate or high permeability exists in a porous
medium, there is a departure from the Darcy’s law, and a non-Darcy
� ow model should be employed in the analysis to account for the
various non-Darcy effects. One well-known non-Darcy � ow model
is the Forchheimermodel,13 which takes into account the form-drag
effect (often misleadingly referred to as the inertia effect). Another
well known non-Darcy � ow model is the Brinkman model,14 which
takes the viscous diffusion effect into consideration such that the
� ow in porous media becomes viscous � ow of a clear � uid when
the permeabilityof the porous medium is very high.A more general
non-Darcy � ow model includes the Forchheimer form-drag effect,
the Brinkman viscous diffusion effect, and the convectiveeffect.

The Forchheimer model was used by Chang and Jang15 to study
the form-drag effect on the vortex instability of natural convection
� ow over a horizontalplate. Their results have shown that the form-
drag effect causes the � ow to become more unstable.However, their
interpretationof the form-drag term, that is, ½1cu2

i in the momen-
tum equations, in the Forchheimer model was later questioned by
Lee et al.,16 who correctedit and studied the form-drageffect as well
as the thermal dispersioneffect on the thermal instability of natural
convection � ow along an inclined plate. Their � ndings have shown
that, contrary to the results of Chang and Jang,15 the form-drag term
stabilizes the � ow, which was also veri� ed by Zhao and Chen17 in
a very recent sturdy based on the nonparallel � ow model. Chang
and Jang18 also examined the non-Darcy effects, including the vis-
cous diffusion effect, on the vortex instability of natural convection
� ow over a horizontalplate, whereas Lie and Jang19 examined both
the viscousdiffusion and form-drageffects on the vortex instability
of mixed convection � ow for the same � ow geometry. Their stud-
ies show that the viscous diffusion effect reduces the surface heat
transfer rate, but it causes the � ow to become more stable.

The previous investigatorsof the vortex instability analysis have
employed the parallel or quasi-parallel � ow model that assumes
a weak dependence of the disturbance amplitude functions on the
streamwise coordinate or the nonsimilarity parameter ».x/, that is,
@=@» ¿ @=@´, in the numerical solutions. This assumption is not
consistent with the nonparallel � ow model, which treats the ampli-
tude functions of the disturbances to depend on both the x and y
coordinates. The studies by Lee et al.7;8 on thermal instability of
natural convection � ow in clear � uids have shown that large differ-
ences in the instabilityresults occurbetween the parallel � ow model
and the nonparallel � ow model. In addition, when compared with
available experimental data, the nonparallel � ow model gives more
accurate instability results than the parallel � ow model.

A survey of literature reveals that most of the past investiga-
tions on vortex instability of � ow in porous media are inadequate
because a parallel or quasi-parallel � ow model is employed. To
the authors’ best knowledge, no investigations on vortex instabil-
ity analysis seem to exist that employ the fully nonparallel � ow
model by considering both the x and y dependence of the distur-
bance amplitude functions that leads to nonsimilar equations for
the disturbanceamplitude functions.This has motivated the present
study to reexamine the non-Darcy effects on the vortex instabil-
ity of natural convection � ow over a horizontal plate in a � uid-
saturatedporousmedium by employing the nonparallel� ow model.
This problemwas previouslystudied by Chang and Jang,18 but only
for the case of constant wall temperature. In addition, they did not
handle the Forchheimerform-dragterm properly,as was pointedout
by Lee et al.,16 and their numerical solutions were carried out under
the assumption of @=@» ¿ @=@´. That is, their results are based on

the quasi-parallel� ow model. In thepresentstudy,both thebase� ow
and the disturbance� ow are treated as nonparallel.In the base � ow,
the boundary-layer approximations are invoked, and the resulting
conservation equations are transformed into a dimensionless form
and then solved by an implicit � nite difference method. In contrast
to the work of Chang and Jang,18 the present instability analysis is
based on the nonparallel� ow model using the linear theory. The re-
sulting governing partial differential equations for the disturbance
amplitude functions are converted into a system of homogeneous
linear ordinary differential equations with homogeneous boundary
conditions by the local nonsimilarity method. The resulting eigen-
valueproblemis then solved by an implicit � nite differencemethod.

II. Analysis
The physical system considered is a semi-in� nite, horizontal � at

plate embedded in a porous medium, as shown in Fig. 1. The x axis
is taken in the streamwise direction, the y axis is perpendicular to
the plate and points outward to the porous medium, and the z axis is
in the spanwise direction across the � at plate. The ambient temper-
ature of the porous medium is uniform at T1 , and the wall temper-
ature is kept at a higher value, which varies as Tw.x/ D T1 C Axm ,
where A and m are constants,with A > 0 for heating from below, as
treated in the present work. To simplify the analysis, the following
conventional assumptions are applied: 1) the � uid and the porous
solid matrix are in local thermodynamicequilibriumunder low � uid
velocities;2) the porousmedium is everywhereisotropicand homo-
geneous;3) the � uid propertiesare constant except for the density½
in the buoyancyforce term; and 4) the Boussinesq approximation is
applicable. In the analysis, a general non-Darcy � ow model is em-
ployed to include the form-drag effect (Forchheimer term), viscous
diffusion effect (Brinkman term) and convective effect for � ow in
a porous medium with a high porosity. The conservationequations
are

r ¢ u D 0 (1)

½1

Á2
u ¢ ru D ¡r p ¡ ¹

K
u ¡ ½1cjuju ¡ ½g C ¹

Á
r2u (2)

¸
@T

@t
C u ¢ rT D ®r2T (3)

where u D .u; v; w/ and other symbolsare de� ned in theNomencla-
ture. Note that the effective viscosity in the viscous diffusion term
is set equal to ¹, followingBrinkman,14 and that the time derivative
term involving @u=@t in Eq. (2) is dropped because in general the
transients decay very rapidly.

A. Base Flow

In the present analysis, the base � ow is treated within the frame-
work of boundary-layer approximations by neglecting the higher-
order terms. The general conservation equations (1–3) for steady
two-dimensional laminar boundary-layer � ow in natural convec-
tion in a porous medium over a horizontal � at plate can then be
written as

@ Nu
@x

C @ Nv
@y

D 0 (4)

Fig. 1 Schematic diagram of the � ow con� guration.
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½1

Á2

³
Nu @ Nu
@x

C Nv
@ Nu
@y

´
D ¡ @ Np

@x
¡ ¹

K
Nu ¡ ½1cjuj Nu C ¹

Á

@ 2u

@y2
(5)

0 D ¡ @ Np
@y

¡ ¹

K
Nv ¡ ½1cjuj Nv ¡ ½g (6)

Nu @ NT
@x

C Nv
@ NT
@y

D ®

³
@2 NT
@x2

C @2 NT
@y2

´
(7)

When the Boussinesq approximation ½ D ½1[1 ¡ ¯. NT ¡ T1/] is
applied, Eq. (6) reduces to (with Nv ¿ Nu)

0 D ¡ @ Np
@y

¡ ½1 g[1 ¡ ¯. NT ¡ T1/]

or Np1 ¡ Np D ¡½1 g

Z 1

y

[1 ¡ ¯. NT ¡ T1/] dy (8)

The pressure term in Eq. (5) inducedby the buoyancyforce can then
be related to the temperature difference through Eq. (8) as

¡ @ Np
@x

D ½1g¯
@

@x

Z 1

y

. NT ¡ T1/ dy (9)

Next, when ¡@ Np=@x from Eq. (9) is substituted into Eq. (5) and
the stream functionÃ , which satis� es the mass conservationEq. (4)
with Nu D @Ã=@y and Nv D ¡@Ã=@x , is introduced, Eqs. (5) and (7)
become

½1

Á2

³
@Ã

@y

@2Ã

@x@y
¡ @Ã

@ x

@2Ã

@y2

´
D ½1 g¯

@

@x

Z 1

y

. NT ¡ T1/ dy

¡ ¹

K

@Ã

@y
¡ ½1c

³
@Ã

@y

´2

C ¹

Á

@3Ã

@y3
(10)

@Ã

@y

@ NT
@x

¡ @Ã

@ x

@ NT
@y

D ®
@2 NT
@y2

(11)

Note that, with the boundary-layerassumptions, the term juj ap-
pearing in Eq. (5) is approximated as juj D

p
. Nu2 C Nv2/ ¼ j Nuj D Nu to

arrive at Eq. (10) based on the fact that there is no recirculation
region in the � ow. The correspondingboundary conditions are

y D 0: Nu D 0 or
@Ã

@y
D 0; Nv D 0 or

@Ã

@x
D 0

Tw D T1 C Axm

y ! 1 : Nu D 0 or
@Ã

@y
D 0; NT D T1 (12)

To transformEqs. (10–12) into a dimensionlessform, the follow-
ing variables are introduced:

´.x; y/ D
y

x

³
Grx

5

´ 1
5

; ».x/ D 1

Dax .Grx =5/
2
5

f .»; ´/ D Ã.x; y/

5º.Grx =5/
1
5

; µ .»; ´/ D
NT ¡ T1

Tw ¡ T1
(13)

where Grx D g¯x3[Tw.x/ ¡ T1]=º2 is the local Grashof number
and Dax D K=x2 is the local Darcy number. The transformationof
Eqs. (10–12) from the (x , y) to the (» , ´/ coordinates yields the
following system of equations:

1
Á

f 000 C 1
Á2

[.m C 3/ f f 00 ¡ .2m C 1/ f 02] ¡ » f 0

¡ Fr 1=.2 ¡ m/» 5=.4 ¡ 2m/. f 0/2 ¡
m ¡ 2

5
´µ C 4m C 2

5

Z 1

´

µ d´

D .4 ¡ 2m/»

"
1

Á2
f 0 @ f 0

@»
¡ 1

Á2
f 00 @ f

@»
¡ 1

5

@

@»

Z 1

´

µ d´

#

(14)

µ 00 C .m C 3/Pr f µ 0 ¡ 5mPr f 0µ D .4 ¡ 2m/Pr»

³
f 0 @µ

@»
¡ µ 0 @ f

@»

´

(15)

with the boundary conditions

´ D 0 : f 0.»; 0/ D 0; f .»; 0/ C »
@ f .»; 0/

@»
D 0

or f .»; 0/ D 0; µ.»; 0/ D 1

´ ! 1 : f 0.»; 1/ D 0; µ .»; 1/ D 0 (16)

In Eqs. (14–16) the primes denote partial differentiation with
respect to ´. The parameter Fr D 5.1 ¡ m/c.2 ¡ m/g¯AK5=2=º2 is the
Forchheimer number, which expresses the relative importance of
the form-drag effect. The nonsimilarity parameter » character-
izes the local strength of the buoyancy-induced � ow, Grx , and
the permeability K of the porous medium. As x increases or
[Tw.x/ ¡ T1] and K decrease, the value of ».x/ increases because
».x/ » x4=5K ¡1[Tw.x/ ¡ T1]¡2=5 . Note that Darcy model corre-
sponds to the case of » ! 1, that is, K ! 0, and Fr D 0.

With the new transformationvariables» and ´, the velocity com-
ponents and the local Nusselt number can be expressed as

Nu D 5º

x

³
Grx

5

´ 2
5

f 0

Nv D ¡
º

x

³
Grx

5

´ 1
5
µ

.m C 3/ f C .4 ¡ 2m/»
@ f

@»
C .m ¡ 2/´ f 0

¶

N ux

³
Grx

5

´¡ 1
5

D ¡µ 0.»; 0/ (17)

B. Disturbance Flow

The instability of the � ow is analyzed based on the nonparallel
� ow model using the linear stability theory, in which the temper-
ature, pressure, and velocity quantities are decomposed into the
undisturbed base � ow quantities and the in� nitesimal disturbance
quantities as

T .x; y; z; t/ D NT .x; y/ C T 0.x; y; z; t/

p.x; y; z; t/ D Np.x; y/ C p0.x; y; z; t/

u.x; y; z; t/ D Nu.x; y/ C u 0.x; y; z; t/

v.x; y; z; t/ D Nv.x; y/ C v0.x; y; z; t/

w.x; y; z; t/ D w0.x; y; z; t/ (18)

where the overbarredand primed quantities designate, respectively,
the undisturbed base � ow and the disturbance � ow components.
It is assumed that the undisturbed base � ow is a steady, two-
dimensional, buoyancy-induced boundary-layer � ow whose solu-
tion is governed by Eqs. (10–12) or (14–16). The disturbance � ow
is three dimensional.

By substituting Eq. (18) into Eqs. (1–3), subtracting the base
� ow quantities, and neglecting terms higher than the � rst order in
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the disturbancequantities,the following linearizedequationsfor the
disturbance � ow are obtained:

@u 0

@x
C @v0

@y
C @w0

@z
D 0 (19)

½1

Á2

µ
u0 @ Nu

@x
C Nu @u0

@x
C v 0 @ Nu

@y
C Nv

@u0

@y

¶
D ¡ @p0

@x
¡ ¹

K
u 0

¡ ½1cjuju0 C ¹

Á

µ
@2u0

@x2
C @2u0

@y2
C @2u 0

@z2

¶
(20)

½1

Á2

µ
u0 @ Nv

@x
C Nu @v0

@x
C v 0 @ Nv

@y
C Nv

@v0

@y

¶
D ¡ @p0

@y
¡ ¹

K
v 0 C ½g¯T 0

¡ ½1cjujv0 C ¹

Á

µ
@2v0

@x2
C @2v0

@y2
C @2v 0

@z2

¶
(21)

½1

Á2

µ
Nu @w0

@x
C Nv

@w0

@y

¶
D ¡ @p0

@z
¡ ¹

K
w0

¡ ½1cjujw0 C
¹

Á

µ
@2w0

@x2
C

@2w0

@y2
C

@ 2w0

@z2

¶
(22)

¸
@T 0

@t
C Nu

@T 0

@x
C u 0 @

NT
@x

C Nv
@T 0

@y
C v 0 @

NT
@y

D ®

µ
@2T 0

@x2
C @2T 0

@y2
C @2T 0

@z2

¶
(23)

where, to linealize the disturbance quantities, the terms juju 0, jujv0,
and jujw0 in Eqs. (20–22) are approximatedas Nuu 0, Nuv 0, and Nuw0 by
letting juj D

p
[. Nu C u 0/2 C . Nv C v 0/2 C .w 0/2] ¼ j Nuj D Nu.

When the method of order-of-magnitude analysis described by
Hsu and Cheng10 is followed, the terms @u 0=@x and @2T 0=@x2 in
Eqs. (19) and (23) can be neglected. The pressure terms p0 in
Eqs. (20–22) are eliminatedby crossdifferentiationand subtraction.
Next, the resultingequationsare differentiatedwith respect to z, and
the substitutionof @w0=@z D ¡@v 0=@y from the continuity equation
is employed to remove the terms involvingthe componentw0 and its
derivatives.These operations lead to the following set of equations,
which include only the disturbance quantities u 0, v 0, and T 0:

½1

Á2

µ
@2u 0

@z2

@ Nu
@x

C Nu
@ 3u 0

@x@z2
C

@ Nu
@y

@2v 0

@z2
C Nv

@3u 0

@y@z2
C Nu

@3v 0

@x2@y

C @ Nu
@x

@2v0

@x@y
C Nv

@3v 0

@x@y2
C @ Nv

@x
@2v0

@y2

¶
D ¡ ¹

K

³
@2u0

@z2
C @2v 0

@x@y

´

¡ ½1c

³
@ Nu
@x

@v0

@y
C Nu @2u 0

@z2
C Nu @2v 0

@x@y

´

C ¹

Á

µ
@4u 0

@y2@z2
C @4u0

@z4
C @4v 0

@x@y3
C @4v0

@x@y@z2

¶
(24)

½1

Á2

µ
@2u 0

@z2

@ Nv
@x

C Nu @3v0

@x@z2
C @ Nv

@y

@2v 0

@z2
C Nv

@3v 0

@y@z2
C Nu @3v 0

@x@y2

C @ Nu
@y

@2v 0

@x@y
C Nv

@3v0

@y3
C @ Nv

@y

@2v 0

@y2

¶
D ¡ ¹

K

³
@2v 0

@z2
C @ 2v 0

@y2

´

¡ ½1c

³
@ Nu
@y

@v 0

@y
C Nu

@2v 0

@z2
C Nu

@2v 0

@y2

´

C ½g¯
@2T 0

@z2
C ¹

Á

µ
@4v 0

@y2@z2
C @4v 0

@z4
C @4v 0

@y4
C @4v 0

@y2@z2

¶
(25)

¸
@T 0

@t
C Nu @T 0

@x
C u 0 @T 0

@x
C Nv

@T 0

@y
C v 0 @

NT
@y

D ®

µ
@2T 0

@y2
C @2T 0

@z2

¶

(26)

Next, by applying the nonparallel � ow model, the three-
dimensional disturbance quantities are expressed as

u 0.x; y; z; t/ D Qu.x; y/ ¢ exp[iaz C ¾ t C ° .x/]

v 0.x; y; z; t/ D Qv.x; y/ ¢ exp[iaz C ¾ t C ° .x/]

T 0.x; y; z; t/ D QT .x; y/ ¢ exp[iaz C ¾ t C ° .x/] (27)

where a is the spanwise periodic wave number, ¾ is the temporal
growth factor, and ° .x/ D

R
®i .x/ dx , with ®i .x/ denoting the

spatial growth factor, which is a weak function of x . Substituting
Eqs. (27) into Eqs. (24–26) and setting ¾ D ®i D 0 for the stationary
neutral stability condition yields

½1

Á2

µ
¡a2 Qu @ Nu

@x
¡ a2 Nu @ Qu

@x
¡ a2 Qv

@ Nu
@y

¡ a2 Nv
@ Qu
@y

C Nu @3 Qv
@x2@y

C @ Nu
@x

@2 Qv
@x@y

C Nv
@3 Qv

@x@y2
C @ Nv

@ x

@2 Qv
@y2

¶

D ¡
³

¹

K
C ½1c Nu

´³
¡a2 Qu C @2 Qv

@x@y

´
¡ ½1c

@ Nu
@x

@ Qv
@y

C ¹

Á

µ
¡a2 @ 2 Qu

@y2
C a4 Qu C @4 Qv

@x@y3
¡ a2 @2 Qv

@ x@y

¶
(28)

½1

Á2

µ
¡a2 Qu @ Nv

@x
¡ a2 Nu @ Qv

@x
¡ a2 Qv

@ Nv
@y

¡ a2 Nv
@ Qv
@y

C Nu @ 3 Qv
@x@y2

C @ Nu
@y

@2 Qv
@x@y

C Nv
@3 Qv
@y3

C @ Nv
@y

@2 Qv
@y2

¶

D ¡
³

¹

K
C ½1c Nu

´³
¡a2 Qv C @2 Qv

@y2

´
¡ ½1c

@ Nu
@y

@ Qv
@y

C ¹

Á

µ
¡a2 @ 2 Qv

@y2
C a4 Qv C @4 Qv

@y4
¡ a2 @2 Qv

@y2

¶
¡ ½g¯a2 QT (29)

Nu @ QT
@x

C Qu @ NT
@x

C Nv
@ QT
@y

C Qv
@ NT
@y

D ®

³
@2 QT
@y2

¡ a2 QT
´

(30)

with the boundary conditions

Qu D Qv D QT D 0 at y D 0 and y ! 1 (31)

Next, by introducing the following dimensionless quantities

uC.»; ´/ D
Qux

º.Grx =5/
2
5

; vC.»; ´/ D
Qv

5aº.Grx =5/
1
5

µC.»; ´/ D
QT

Tw.x/ ¡ T1
D

QT
Axm

; k D
ax

.Grx =5/
1
5

(32)

Eqs. (28–31) can be transformed into a system of equations in di-
mensionless form as

1

Á
D2uC C a1 DuC C a2uC C a3

@uC

@»
C a4vC C a5 DvC C a6 D2vC

Ca7 D3vC C a8 D4vC C a9
@.DvC/

@»
C a10

@.D2vC/

@»

C a11
@.D3vC/

@»
C a12

@2.DvC/

@» 2
D 0 (33)
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1

Á
D4vC C b1D

3vC C b2D2vC C b3DvC C b4vC C b5
@vC

@»

C b6
@.DvC/

@»
C b7

@.D2vC/

@»
C b8u

C C b9µC D 0 (34)

D2µC C c1 DµC C c2µ
C C c3uC C c4vC C c5

@µC

@»
D 0 (35)

with the boundary conditions

uC D vC D DvC D µC D 0 at ´ D 0 and ´ ! 1 (36)

In Eqs. (33–36), D denotes partial differentiation with respect to ´
and the coef� cients an , bn , and cn , which are determined from the
solutions of the base � ow problem, are given by

a1 D
1

Á2
[C ¡ .m ¡ 2/´ f 0]

a2 D ¡
k2

Á
¡ »U ¡ 1

Á2
[B C .2m C 1/ f 0]

a3 D 2.m ¡ 2/

Á
» f 0; a4 D ¡25

Á2
k

³
Grx

5

´ 1
5

f 00

a5 D
2m C 1

Á

k

.Grx =5/
1
5

C B H C .2m C 1/U
»

k.Grx =5/
1
5

C 2
Á2

.m ¡ 2/.2m C 1/

k.Grx =5/
1
5

f 0 C 2m C 1
Á2

B

k.Grx =5/
1
5

a6 D
m ¡ 2

Á

k´

.Grx =5/
1
5

C .m ¡ 2/´»

k.Grx =5/
1
5

C
m ¡ 2

Á2

´

k.Grx =5/
1
5

B

C 5

Á2

.m ¡ 1/.m ¡ 2/´

k.Grx =5/
1
5

f 0 ¡ 3m ¡ 1

Á2

C

k.Grx =5/
1
5

¡
m ¡ 2

Á2

E

k.Grx =5/
1
5

a7 D ¡ 4m ¡ 3

Ák.Grx =5/
1
5

¡ 1

Á2

.m ¡ 2/2´2

k.Grx =5/
1
5

f 0 ¡ .m ¡ 2/´

Á2k.Grx =5/
1
5

C

a8 D ¡
m ¡ 2

Á

´

k.Grx =5/
1
5

a9 D .4 ¡ 2m/»

"
1

Á

k

.Grx =5/
1
5

C »U

k.Grx =5/
1
5

#

¡ 2

Á2

.m ¡ 2/.2m C 1/»

k.Grx =5/
1
5

f 0 C 4 ¡ 2m

Á2

» B

k.Grx =5/
1
5

a10 D ¡ 4

Á2

.m ¡ 2/2´»

k.Grx =5/
1
5

f 0 ¡ 4 ¡ 2m

Á2

»

k.Grx =5/
1
5

C

a11 D ¡4 ¡ 2m

Á

»

k.Grx =5/
1
5

; a12 D 4

Á2

.m ¡ 2/2» 2

k.Grx =5/
1
5

f 0

b1 D 1

Á2

µ
.m C 3/ f C .4 ¡ 2m/»

@ f

@»

¶

b2 D ¡
2

Á
k2 ¡ »U C

2 ¡ m

Á2

µ
f 0 C 2»

@ f 0

@»

¶

b3 D ¡G f 00 ¡
k2

Á2

µ
.m C 3/ f ¡ 2.m ¡ 2/»

@ f

@»

¶
¡ 2m C 1

Á2
f 00

b4 D
k4

Á
C »k2U C 2 ¡ m

Á2
k2

µ
f 0 C ´ f 00 ¡ 2»

@ f 0

@»

¶

b5 D 4 ¡ 2m

Á2
»k2 f 0; b6 D ¡4 ¡ 2m

Á2
» f 00

b7 D ¡4 ¡ 2m

Á2
» f 0; b8 D ¡

m ¡ 2
25Á2

kE

.Grx =5/
1
5

b9 D ¡k

³
Grx

5

´ 1
5

c1 D Pr

µ
.m C 3/ f C .4 ¡ 2m/»

@ f

@»

¶
; c2 D ¡.k2 C 5mPr f 0/

c3 D ¡Pr ¢ F; c4 D ¡5kPr

³
Grx

5

´ 1
5

µ 0

c5 D ¡.4 ¡ 2m/Pr» f 0 (37)

In Eq. (37), the expressions for B, C , E , F , G, H , and U are

B D .2m C 1/ f 0 C .m ¡ 2/´ f 00 C .4 ¡ 2m/»
@ f 0

@»

C D .m C 3/ f C .m ¡ 2/´ f 0 C .4 ¡ 2m/»
@ f

@»

E D .m C 3/ f C .3m ¡ 1/´ f 0 C .m ¡ 2/´2 f 00 ¡ 10»
@ f

@»

C 4.m ¡ 2/» 2 @2 f

@» 2
¡ 4.m ¡ 2/´»

@ f 0

@»

F D mµ C
m ¡ 2

5
´µ 0 C 4 ¡ 2m

5
»

@µ

@»

G D Fr 1=.2 ¡ m/» 5=.4 ¡ 2m/; H D
G

k.Grx =5/
1
5

U D 1 C ½1cK

¹
Nu D 1 C 5cx

»
f 0

D 1 C Fr 1=.2 ¡ m/» .1 C 2m/=.4 ¡ 2m/ f 0 (38)

Equations(33–35), alongwith the boundaryconditions(36), con-
stitute the mathematical system for the � ow instability problem.
They are coupled parabolic partial differential equations, but the
boundary conditions are not suf� cient to give any initial pro� le
at a certain »0 position. Therefore, the commonly used “marching
method” for parabolic partial differential equations can not be em-
ployed to obtain the complete solution. Two solution methods are
generally employed to solve such a system of equations: the local
similarityapproximationand the local nonsimilarityapproximation.
With the local similarity approximation, the amplitude functions of
the disturbances are assumed to have a weak dependence in the
streamwise direction, that is, @=@» ¿ @=@´, and all terms involving
the derivative with respect to » are neglected. This approach is the
local similarity method and corresponds to the quasi-parallel � ow
model. The system of partial differentialequations(33–35) are then
reduced to a set of ordinary differential equations, whose solution
can be obtained with the boundary conditions (36).

To apply the fully nonparallel� ow model in the instabilityanaly-
sis, the local nonsimilarity solution method should be employed.
In the solution by the local nonsimilarity method, all terms in
Eqs. (33–35) are retained.Next, Eqs. (33–35), as well as the bound-
ary conditions(36), are differentiatedwith respect to » to give three
additional partial differential equations for @uC=@» , @vC=@» , and
@µC=@» , along with the corresponding additional boundary condi-
tions. To obtain the next higher order of equations for @2uC=@» 2,
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@2vC=@» 2, and @2µC=@» 2, the resulting differential equations and
boundaryconditionsfor@uC=@» , @vC=@» , and @µ C=@» are differen-
tiated again with respect to » . For the third level of truncation,all of
the terms involving the third-orderpartial derivativewith respect to
» , such as @3uC=@» 3, @3vC=@» 3, and @3µC=@» 3 , are neglected in the
resulting equations and boundary conditions. This operation leads
to the following system of equations and boundary conditions for
uC, vC, µC, ± D @uC=@» , ¾ D @vC=@» , ! D @µ C=@» , q D @2uC=@» 2,
g D @2vC=@» 2 , and h D @2µC=@» 2:

.1=Á/ D2uC C a1 DuC C a2uC C a3± C a4vC C a5 DvC C a6 D2vC

C a7 D3vC C a8 D4vC C a9 D¾ C a10 D2¾

C a11 D3¾ C a12 Dg D 0

.1=Á/ D4vC C b1 D3vC C b2 D2vC C b3 DvC C b4vC C b5¾

C b6 D¾ C b7 D2¾ C b8uC C b9µ
C D 0

D2µC C c1 DµC C c2µ
C C c3uC C c4vC C c5! D 0

.1=Á2/ D2± C d1 D± C d2± C d3uC C d4 DuC C d5v
C C d6 DvC

C d7 D2vC C d8 D3vC C d9 D4vC C d10q C d11¾ C d12 D¾

C d13 D2¾ C d14 D3¾ C d15 D4¾ C d16 Dg

C d17 D2g C d18 D3g D 0

.1=Á/ D4¾ C e1 D3¾ C e2 D2¾ C e3 D¾ C e4¾ C e5uC C e6µC

C e7v
C C e8 DvC C e9 D2vC C e10 D3vC

C e11± C e12g C e13 Dg C e14 D2g C e15! D 0

D2! C f1 D! C f2! C f3µC C f4 DµC C f5vC

C f6± C f7¾ C f8uC C f9h D 0

.1=Á/ D2q C l1 Dq C l2q C l3uC C l4 DuC C l5± C l6 D± C l7v
C

C l8 DvC C l9 D2vC C l10 D3vC C l11 D4vC C l12¾ C l13 D¾

C l14 D2¾ C l15 D3¾ C l16 D4¾ C l17g

Cl18 Dg C l19 D2g C l20 D3g C l21 D4g

.1=Á/ D4g C m1 D3g C m2 D2g C m3 Dg C m4g C m5v
C

C m6 DvC C m7 D2vC C m8 D3vC C m9¾ C m10 D¾

C m11 D2¾ C m12 D3¾ C m13u
C C m14± C m15q

C m16µC C m17! C m18h D 0

D2h C n1 Dh C n2h C n3! C n4 D! C n5µ
C C n6 DµC C n7u

C

C n8± C n9q C n10vC C n11¾ C n12g D 0 (39)

with the boundary conditions

uC D vC D DvC D µ C D ± D ¾ D D¾ D !

D q D g D Dg D h D 0 at ´ D 0 and ´ ! 1 (40)

In Eq. (39), the coef� cients an , bn , and cn are as given in Eq. (37).
However, to conserve space, the coef� cients dn , en , fn , ln , mn , and
nn are not presented. They are available elsewhere.20

The set of coupled homogeneous linear ordinary differential
equations (39), along with the homogeneous boundary conditions
(40), constitutes a closed form of the mathematical system for the
instability problem, which is an eigenvalue problem of the form

E.Grx ; kI Pr; m; Á; Fr; » / D 0 (41)

In the determinationof the neutral stability curve for given valuesof
wall temperature exponent m, Prandtl number Pr , medium poros-
ity Á, Forchheimer number Fr , and local Darcy number Dax or
nonsimilarity parameter » , the value of wave number k satisfying
Eq. (41) is soughtas the eigenvaluefor a prescribedvalueof Grashof
number Grx .

III. Numerical Method of Solutions
The system of Eqs. (14–16) for the base � ow are solved by an

ef� cient and accurate implicit � nite difference method that is sim-
ilar to that described by Cebeci and Bradshaw.21 Along with the
use of a cubic spline interpolation procedure, the base � ow solu-
tions provide the base � ow quantities f , f 0, f 00, µ , µ 0, and their
partial derivatives with respect to » , which are required in the � ow
instability calculations.

The instabilityproblem, which is describedby the system of cou-
pled homogeneous linear ordinary differential equations (39), with
homogeneousboundaryconditions(40), can also be solved with the
similar implicit � nite difference method. It suf� ces to mention the
highlights of the eigenvalue problem. With a preassigned value of
the nonsimilarity parameter » D 1=[Dax .Grx =5/2=5], the base � ow
solution is � rst obtained for � xed Prandtl number Pr , Forchheimer
number Fr , medium porosity Á, and wall temperaturevariation ex-
ponentm. Next, with a guessedvalueof wave number k as the eigen-
value and a nonzero value boundary condition [D2vC.»; 0/ D 1] as
the normalizing condition, the eigenvalue problem is solved for
a � xed Grashof number Grx . The guessed eigenvalue k is then
adjusted by the Newton–Raphson differential-correction iterative
scheme until all the boundary conditions at the wall (´ D 0) are sat-
is� ed within a certainspeci� ed tolerance(" D 1 £ e¡6/. This yields
a convergedvalue of k for given values of m, Pr , Á, Fr , Grx , and » .

In the numerical calculations, a step size of 1» D 0.01 was used
and found to give accurate results for both the base � ow and the
disturbance � ow. Note that a larger step size 1» can be used in the
solution of the base � ow when the values of » are very large, so that
the computation time can be saved. In the ´ direction, 1´ D 0.01
was found suf� cient to give accurate results in both the base � ow
calculationsand the instability calculationsfor any Prandtl number.
The valueof boundary-layerthickness´1 was set to 10.0 for » < 10,
but a larger value of ´1 was required to obtain convergentsolutions
for a larger value of » (´1 D 15 for » D 30 and ´1 D 20 for » D 50)
because of the increasing boundary-layer thickness.

Fig. 2 Local Nusselt number vs » for Darcy � ow and non-Darcy � ows,
m = 0.
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IV. Results and Discussion
Representative numerical results are presented for the cases of

m D 0, which corresponds to the constant wall temperature con-
dition, and m D 1

3 , which corresponds approximately to the con-
stant wall heat � ux condition, because qw.x/ D ¡k.@T=@y/y D 0 D
¡k.Tw ¡ T1/µ 0.»; 0/.Grx =5/1=5=x / x2.3m ¡ 1/=5µ 0.»; 0/. Moreover,
the Prandtl number Pr and medium porosity Á are set to be 0.72
and 0.98, respectively.

The velocity and temperature distributions across the boundary
layer in the base � ow are omitted here because they are similar to
those shown by Chang and Jang.18 Only the local Nusselt number
variation with » , or the dimensionlesssurface temperature gradient,
¡µ 0.»; 0/, is shown in Fig. 2 for the case of constant wall tempera-
ture, that is, m D 0. Figure 2 shows clearly the different non-Darcy
effects on the local surface heat transfer rate. The three non-Darcy
effects (convective effect, Brinkman viscous diffusion effect, and
Forchheimer form-drag effect) all tend to reduce the heat trans-
fer rate at the wall. It is seen that both the Darcy model and the
Forchheimer non-Darcy model, that is, only the form-drag effect is
considered, overpredict the heat transfer rate at the wall when » is
small and are valid only for large values of » (» > 10). Based on a
comparison of results between the case of pure Brinkman viscous
diffusioneffect and the case of two effects (with both the Brinkman
viscous diffusion effect and the convective effect, but without the
Forchheimer form-drag effect), the convective effect is seen to be-
come importantwhen » < 3. Moreover, from a comparisonbetween
the results from solutions of the two effects (with Fr D 0) and three
effects (with Fr D 10), it is seen that the form-drag effect becomes
signi� cant when the value of » is larger than 0.5.

Figures 3a and 3b show the neutral stability curves (Grx vs k
curves)forDarcy � owandnon-Darcy� ows(twoeffectswith Fr D 0

a)

b)

Fig. 3 Neutral stability curves for different cases, » = 10. a) m = 0
and b) m = 1/3.

and three effects with Fr D 10) for » D 10 and m D 0 and 1
3
, respec-

tively. Solutions from the parallel � ow model and the nonparallel
� ow model are shown in both � gures for comparisons.It can be seen
that a large discrepancy in the instability results exists between the
parallel � ow model and the nonparallel � ow model. It is noted that
a neutral stability curve separates the unstable � ow domain (above
the curve) from the stable � ow domain (below the curve). Thus,
the � ow is unstable when a pair of (Grx ; k) lies above the curve,
and the � ow is stable when it lies below the curve. The minimum
Grx value on a neutral stability curve is the critical Grashof number
Gr ¤

x , with a correspondingwave number k¤, which signi� es the on-
set of the instability of � ow. The parallel � ow model underpredicts
the critical Grashof number Gr ¤

x as compared to the nonparallel
� ow model. This means that the dependenceof the disturbanceam-
plitudes on the streamwise coordinate (that is, x or » ) cannot be
neglected in the instability analysis because the » -dependent dis-
turbance terms neglected in the parallel � ow model have a great
stabilizing effect. In both Figs. 3a and 3b, the non-Darcy effects
are seen to shift the neutral stability curves upward as compared to
the case of Darcy � ow, which indicates that all of the non-Darcy
effects examined here contribute to the stabilization of the � ow to
the vortex mode of instability. Furthermore, a comparison between
the two effects (with Fr D 0) and three effects (with Fr D 10) in-
dicates that the form-drag effect causes the � ow to become more
stable.

Figures 4a and 4b show a comparison of the neutral stability
curves for selected values of m(0 and 1=3) for non-Darcy � ows,
respectively, for two effects with Fr D 0 and three effects with
Fr D 10. It is seen from Figs. 4a and 4b that m D 0 (that is, the
constant wall temperature case) represents the most unstable � ow
situation and that a � ow with a larger value of m is less susceptible

a)

b)

Fig. 4 Neutral stability curves for selected valuesofm, » = 10. a)Fr = 0
and b) Fr = 10.



ZHAO AND CHEN 157

Table 1 Critical Grashof numbers Gr¤
x for Darcy � ow and non-Darcy � ows, m = 0

Two effects (Fr D 0) Three effects (Fr D 10)

» Darcy � ow Parallel � ow Nonparallel � ow Parallel � ow Nonparallel � ow

0.1 4.4 1,154.4 2,983.5 1,157.3 2,983.6
0.5 64.6 1,375.9 3,189.3 1,414.3 3,257.3
1.0 205.3 1,690.75 3,652.0 1,820.7 3,853.8
5.0 3,001.9 5,258.9 9,858.6 6,674.1 12,524.2
10.0 9,530.7 12,394.4 22,087.3 15,912.7 29,840.9
20.0 30,258.1 30,886.7 59,007.6 37,518.5 77,972.3
30.0 59,474.0 56,464.2 109,728.1 71,964.9 142,693.1
40.0 96,063.5 86,604.9 166,474.3 112,462.3 222,703.3
50.0 139,339.8 123,617.1 248,874.1 154,982.1 308,776.1

Fig. 5 Comparison of the critical Grashof numbers between Darcy
� ow and non-Darcy � ows, m = 0.

to the vortex mode of instability. This is because the case of m D 0
corresponds to a step change in the wall temperature, which indi-
cates a heating condition that causes the � ow to be more susceptible
to thermal instability than the case of m D 1

3
, which has a slower

rate of increase in the wall temperature along the plate.
The critical Grashof numbers Gr ¤

x , which mark the onset of
longitudinal vortex rolls, are shown in Fig. 5 for Darcy � ow and
non-Darcy � ows with two effects (with Fr D 0) and three effects
(with Fr D 10). The result for Darcy � ow is taken from the work
of Hsu et al.9 A comparison of the results between the parallel � ow
model and the nonparallel� ow model for the non-Darcy � ow is also
made in Fig. 5. For completeness,all critical Grashofnumber (Gr ¤

x )
results are listed in Table 1. It can be seen clearly from Fig. 5 and
Table 1 that the parallel � ow model always predicts a lower critical
Grashofnumber for any valueof » . WhenDarcy � ow andnon-Darcy
� ow are compared, it is seen that all of the non-Darcy effects (con-
vective,viscousdiffusion,and form-drageffects)contributeto stabi-
lizationof the � ow. The Darcy model greatlyunderpredictsthe onset
of longitudinalvortex rolls when the valueof » is small (suchas � ow
in a porousmedium with high permeability).The discrepancyin the
Gr ¤

x values between the Darcy � ow and non-Darcy � ow decreases
with increasingvalue of » . In addition, a comparison of the Gr ¤

x re-
sults between the two effects (with Fr D 0) and three effects (with
Fr D 10) indicates again that the form-drag effect has a stabilizing
effect on the � ow, but it can be neglectedwhen the valueof » is small
(» < 0.6). It is noted from Fig. 5 that for large » values the curve for
the three effects (with Fr D 10) lies above the curve for Darcy � ow.
In contrast, the curve for the three effects givenby Chang and Jang18

lies below the curve for Darcy � ow; that is, their analysis has pre-
dicted lower critical Grashof numbers in the presence of form-drag
effects.

V. Conclusions
The non-Darcy effects (convective, viscous diffusion, and form-

drag effects) on the vortex instability of natural convection � ow in
a � uid-saturated porous medium over a horizontal plate are ana-
lyzed using the linear theory in conjunction with the nonparallel
� ow model. The resulting system of coupled parabolic differential
equations for the disturbanceamplitude functions in dimensionless
form are converted into a system of homogeneous linear ordinary
differential equations with homogeneous boundary conditions by
the local nonsimilarity method. The resulting eigenvalue problem
is then solved by an implicit � nite difference method. The major
� ndings from the present study are as follows. 1) The convective,
viscous diffusion and form-drag effects all reduce the heat transfer
rateat thewall and contributeto stabilizationof the � ow to thevortex
mode of instability.2) The parallel � ow model underpredictsthe on-
set of thermal instabilityas compared to the nonparallel� ow model.
3) It is more appropriate to employ the nonparallel � ow model in
the vortex instabilityanalysis than the parallelor quasi-parallel� ow
model.
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