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Non-Darcy Effects on Nonparallel Thermal Instability
of Horizontal Natural Convection Flow

J.Z.Zhao* and T. S. Chen®
University of Missouri-Rolla, Rolla, Missouri 65409

The non-Darcy effects on the vortex instability of natural convection flow over a horizontal flat plate embedded
in a high-porosity medium are examined. These effects include the form-drag, viscous diffusion, and convective
terms in the conservation equations. The instability analysis is conducted by employing the linear theory in con-
junction with a nonparallel flow model, which takes into account both the streamwise and transverse variations of
the disturbance amplitude functions. The resulting system of partial differential equations for the disturbance am-
plitude functions is converted to a system of homogeneouslinear ordinary differential equations with homogeneous
boundary conditions by the local nonsimilarity method. This results in an eigenvalue problem that is solved by an
implicit finite difference method. The numerical results indicate that all of the three non-Darcy effects examined
in the present study reduce the surface heat transfer rate as compared to the case of pure Darcy flow. These effects
also render the flow to become more stable to the vortex mode of instability. Representative neutral stability curves
and critical Grashof numbers are presented. It is found that the parallel flow model underpredicts the onset of
thermal instability, that is, it provides lower critical Grashof numbers than the nonparallel flow model.

Nomenclature

a = spanwise wave number of the vortex roll

c = form-drag coefficient

D = partial derivative with respect to n

Da, = Darcy number, K /x2

Fr = Forchheimer number, 5 =" ¢~ g8 AK>/? /2

f = dimensionless streamfunction

Gr, = local Grashof number, gB[T,, (x) — Ts]x> /V?

g = gravitational acceleration

h = convective heat transfer coefficient,
—k(@T/8y)y—o/[T(x) — T]

K = Darcy permeability

k = thermal conductivity of porous medium; or
dimensionless wave number, ax /(Gr, /5)'/?

m = exponentin the wall temperature power-law variation

Nu, = local Nusselt number, hx/k

Pr = Prandtl number

p = pressure

T = temperature

t = time

u,v,w = streamwise, normal, and spanwise velocity
components in the x, y, and z directions

X,y,2 = streamwise, normal, and spanwise coordinates

o = effective thermal diffusivity

B = coefficient of thermal expansion

y = spatial growth of the vortex roll

n = pseudosimilarity variable, (y/x)(Gr,/5)'/

0 = dimensionless temperature

A = ratio of volumetric heat capacity of the saturated
porous medium to that of the fluid

I = fluid dynamic viscosity

v = fluid kinematic viscosity, i/ p
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& = nonsimilarity parameter, 1/[ Da, (Gr, /5)*"]
o = fluid density

o = temporal growth factor of the vortex roll
¢ = porosity of the porous medium

W = stream function

Subscripts

w = condition at the wall

00 = condition at the freestream

Superscripts

— = main flow quantities

/ = infinitesimal disturbance quantities

+ = dimensionless disturbance quantities

& = amplitude of disturbance quantities

* = critical parameters

I. Introduction

OR buoyancy-inducedflows in porous media over a heated hor-
izontal flat plate, the disturbance of flow can occur in the form
of longitudinal vortex rolls. The instability of such a flow is caused
by the presence of buoyancy force normal to the plate surface. Ex-
perimental investigations on thermal instability of clear fluid flow
in natural convection by Sparrow and Husar! and by Lloyd and
Sparrow? have shown that for inclined angles in excess of 17 deg
relative to the vertical, including the horizontal case, the instability
is characterized by longitudinal vortex rolls. Theoretical studies on
the onset of longitudinal vortex rolls for natural convection in clear
fluids have also been conducted by Hwang and Cheng,> Haaland
and Sparrow,* Chen and Tzuoo,’” and Tien et al.,° among others. In
these analyses, a parallel flow model or quasi-parallelflow model is
employed, wherein the streamwise dependence is neglected in the
amplitude functions of the disturbance flow. These analyses have
revealed that consideration of the nonparallelism in the base flow
can affect the behavior of the neutral stability curves. Later, stud-
ies of thermal instability of natural convection flow in clear fluids
conducted by Lee et al.”-® based on the nonparallel flow model have
shown that the instability characteristics change remarkably when
the nonparallelismof the disturbance amplitude functions is taken
into account in the analysis.
The instability analyses of boundary-layerflows in porous media
have received considerable attention in the past decades. Based on
Darcy’s flow model, Hsu et al.” and Hsu and Cheng'® presented
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instability analysis for natural convection flow over horizontal and
inclined flat plates embedded in fluid-saturated porous media and
solved the disturbance amplitude equations using the local simi-
larity method by neglecting the effect of the axial variation of the
amplitude functions. A similar study was carried out by Jang and
Chang'! on the thermal instability of natural convection flow over
a horizontal plate in a porous medium under the combined buoy-
ancy effects of heat and mass transfer. Later, Jang and Leu'? also
studied the effect of temperature-dependert viscosity on the thermal
instability of natural convection flow over a horizontal flat plate in
a porous medium.

When a high flow rate or high permeability exists in a porous
medium, there is a departure from the Darcy’s law, and a non-Darcy
flow model should be employed in the analysis to account for the
various non-Darcy effects. One well-known non-Darcy flow model
is the Forchheimermodel,'* which takes into account the form-drag
effect (often misleadingly referred to as the inertia effect). Another
well known non-Darcy flow model is the Brinkman model,'* which
takes the viscous diffusion effect into consideration such that the
flow in porous media becomes viscous flow of a clear fluid when
the permeability of the porous medium is very high. A more general
non-Darcy flow model includes the Forchheimer form-drag effect,
the Brinkman viscous diffusion effect, and the convective effect.

The Forchheimer model was used by Chang and Jang!3 to study
the form-drag effect on the vortex instability of natural convection
flow over a horizontal plate. Their results have shown that the form-
drag effect causes the flow to become more unstable. However, their
interpretation of the form-drag term, that is, ,ooocul.2 in the momen-
tum equations, in the Forchheimer model was later questioned by
Lee et al.,'® who correctedit and studied the form-drageffectas well
as the thermal dispersion effect on the thermal instability of natural
convection flow along an inclined plate. Their findings have shown
that, contrary to the results of Chang and Jang,'® the form-drag term
stabilizes the flow, which was also verified by Zhao and Chen!” in
a very recent sturdy based on the nonparallel flow model. Chang
and Jang'® also examined the non-Darcy effects, including the vis-
cous diffusion effect, on the vortex instability of natural convection
flow over a horizontal plate, whereas Lie and Jang'® examined both
the viscous diffusion and form-drag effects on the vortex instability
of mixed convection flow for the same flow geometry. Their stud-
ies show that the viscous diffusion effect reduces the surface heat
transfer rate, but it causes the flow to become more stable.

The previous investigators of the vortex instability analysis have
employed the parallel or quasi-parallel flow model that assumes
a weak dependence of the disturbance amplitude functions on the
streamwise coordinate or the nonsimilarity parameter £ (x), that is,
0/0& < d/9n, in the numerical solutions. This assumption is not
consistent with the nonparallel flow model, which treats the ampli-
tude functions of the disturbances to depend on both the x and y
coordinates. The studies by Lee et al.”# on thermal instability of
natural convection flow in clear fluids have shown that large differ-
encesin the instabilityresults occur between the parallel flow model
and the nonparallel flow model. In addition, when compared with
available experimental data, the nonparallel flow model gives more
accurate instability results than the parallel flow model.

A survey of literature reveals that most of the past investiga-
tions on vortex instability of flow in porous media are inadequate
because a parallel or quasi-parallel flow model is employed. To
the authors’ best knowledge, no investigations on vortex instabil-
ity analysis seem to exist that employ the fully nonparallel flow
model by considering both the x and y dependence of the distur-
bance amplitude functions that leads to nonsimilar equations for
the disturbance amplitude functions. This has motivated the present
study to reexamine the non-Darcy effects on the vortex instabil-
ity of natural convection flow over a horizontal plate in a fluid-
saturated porous medium by employing the nonparallel flow model.
This problem was previouslystudied by Chang and Jang,'® but only
for the case of constant wall temperature. In addition, they did not
handle the Forchheimerform-drag term properly,as was pointed out
by Lee et al.,'® and their numerical solutions were carried out under
the assumption of 9/9d& < d/dn. That is, their results are based on

the quasi-parallelflow model. In the presentstudy, both the base flow
and the disturbance flow are treated as nonparallel. In the base flow,
the boundary-layer approximations are invoked, and the resulting
conservation equations are transformed into a dimensionless form
and then solved by an implicit finite difference method. In contrast
to the work of Chang and Jang,'® the present instability analysis is
based on the nonparallelflow model using the linear theory. The re-
sulting governing partial differential equations for the disturbance
amplitude functions are converted into a system of homogeneous
linear ordinary differential equations with homogeneous boundary
conditions by the local nonsimilarity method. The resulting eigen-
value problemis then solved by an implicitfinite difference method.

II. Analysis

The physical system considered is a semi-infinite, horizontal flat
plate embedded in a porous medium, as shown in Fig. 1. The x axis
is taken in the streamwise direction, the y axis is perpendicularto
the plate and points outward to the porous medium, and the z axis is
in the spanwise direction across the flat plate. The ambient temper-
ature of the porous medium is uniform at 7, and the wall temper-
ature is kept at a higher value, which varies as T}, (x) = T, + Ax™,
where A and m are constants, with A > O for heating from below, as
treated in the present work. To simplify the analysis, the following
conventional assumptions are applied: 1) the fluid and the porous
solid matrix are in local thermodynamicequilibriumunder low fluid
velocities;2) the porous medium is everywhereisotropic and homo-
geneous;3) the fluid properties are constantexceptfor the density p
in the buoyancy force term; and 4) the Boussinesq approximationis
applicable. In the analysis, a general non-Darcy flow model is em-
ployed to include the form-drag effect (Forchheimer term), viscous
diffusion effect (Brinkman term) and convective effect for flow in
a porous medium with a high porosity. The conservationequations
are

Vu=0 (1)
%u -Vu=-Vp— %u — pooClulu — pg + %Vzu 2)
oT >

whereu = (1, v, w) and other symbols are defined in the Nomencla-
ture. Note that the effective viscosity in the viscous diffusion term
is set equal to /1, following Brinkman,'* and that the time derivative
term involving du /0t in Eq. (2) is dropped because in general the
transients decay very rapidly.

A. Base Flow

In the present analysis, the base flow is treated within the frame-
work of boundary-layer approximations by neglecting the higher-
order terms. The general conservation equations (1-3) for steady
two-dimensional laminar boundary-layer flow in natural convec-
tion in a porous medium over a horizontal flat plate can then be
written as

ou v
+

— 4+ —=0 4
ax  dy @

""" Porous
T Medium

Fig. 1 Schematic diagram of the flow configuration.
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When the Boussinesq approximation p = p[1 — ﬂ(T — T)] is
applied, Eq. (6) reduces to (with v < u)

95 _
0=—=2 — pgll = BT — T))
ay

or ﬁoo—ﬁ=—poogf [1—B(T — Tx)]dy (8)

The pressure term in Eq. (5) induced by the buoyancy force can then
be related to the temperature difference through Eq. (8) as
ap

9 [~ -
e zpmgﬂa—x[ (T —Ty.)dy )

Next, when —d p/dx from Eq. (9) is substituted into Eq. (5) and
the stream function ¥, which satisfies the mass conservationEq. (4)
with u =0y /0y and v =—0v¥/dx, is introduced, Eqs. (5) and (7)

become
Poo [(BY Y By DY\ I B
F(E_axay - a_xa_yZ) = poogﬂa—x[ (T —T,)dy
_ K3 WY L v
X 3y pooc( ) + P (10)
_ _ \

oy ox ox dy 0y?

Note that, with the boundary-layerassumptions, the term |u| ap-
pearing in Eq. (5) is approximated as |u| = /(% + v?) = |i| = i to
arrive at Eq. (10) based on the fact that there is no recirculation
region in the flow. The corresponding boundary conditions are

9 9
y=0i=0 or Lo s=0 oo Py
ay 0x
T, =T, + Ax"
9 _
y > 00:i=0 or a—‘”—o, T=T, (12)
y

To transform Eqs. (10-12) into a dimensionless form, the follow-
ing variables are introduced:

y [ Gry 3 1
nyy =222, E(r)= ———
x\ 5 Da,(Gr,/5)%
, [ — T,
f&, =25 0, ) = —== (13)
5v(Gr,/5)3 T, = Tw

where Gr, = gBx3[T, (x) — T, ]/v? is the local Grashof number
and Da, = K /x? is the local Darcy number. The transformation of
Eqgs. (10-12) from the (x, y) to the (£, n) coordinates yields the
following system of equations:

1
— "+ = [(m+3)ff” Cm+1)f?1-&f

¢ ¢

[o¢]
_ FrY@-mgs/@—amy(pry2 i 5_ 2770 + 4m5+ 2 / 6.dn
n

of 1 0f 19 [
=@4- 2m)§|:¢2f—§—gfa—s 585[7 0d771|

(14)
0"+ (m +3)Prf0 —5mPrf'0 = (4 —2m)P f——@ﬁ
(m )Pr mPr = (( m)Pré T T
(15)
with the boundary conditions
0 0
n=0:f'0) =0, f€.0+¢ f(i -
or fE,0 =0, 0,00 =1
n—> oo: f'(§,00) =0, 0(,00) =0 (16)

In Eqgs. (14-16) the primes denote partial differentiation with
respect to 7. The parameter Fr =50 ""¢c2=m ¢ BAKS/? /12 is the
Forchheimer number, which expresses the relative importance of
the form-drag effect. The nonsimilarity parameter £ character-
izes the local strength of the buoyancy-induced flow, Gr,, and
the permeability K of the porous medium. As x increases or
[T, (x) —Tw] and K decrease, the value of £(x) increases because
E(x) ~x*SK~![T,(x) — T]*>. Note that Darcy model corre-
sponds to the case of £ — oo, thatis, K — 0, and Fr =0.

With the new transformation variables & and n, the velocity com-
ponents and the local Nusselt number can be expressed as

2
_ 5Sv[Gr, e ,
”—7(?) :

) Gr,\* of
v:__(_) [(m+3)f+(4 2m)é 5+ (m = 2)nf}

Gr, -3
Nu, (T) =—0'(&,0) (17)

B. Disturbance Flow

The instability of the flow is analyzed based on the nonparallel
flow model using the linear stability theory, in which the temper-
ature, pressure, and velocity quantities are decomposed into the
undisturbed base flow quantities and the infinitesimal disturbance
quantities as

T(x,y,2,8) =T, y)+T'(x,y,2,1)
p(x,y,z,t) = p(x,y) + p'(x,,2,1)
u(x,y,z,t)y =i(x,y) +u'(x,y,2,1)
v(x,y,2,1) = v(x,y) +v'(x,y,2, 1)

wx,y,z,t) =wx,y,z,t) (18)

where the overbarred and primed quantities designate, respectively,
the undisturbed base flow and the disturbance flow components.
It is assumed that the undisturbed base flow is a steady, two-
dimensional, buoyancy-induced boundary-layer flow whose solu-
tion is governed by Eqs. (10-12) or (14-16). The disturbance flow
is three dimensional.

By substituting Eq. (18) into Egs. (1-3), subtracting the base
flow quantities, and neglecting terms higher than the first order in
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the disturbance quantities, the following linearized equations for the
disturbance flow are obtained:

ou' 9V ow'

— — 4+ —=0 19
0x oy 0z (19
u ou’ ,ou  _ou ap’
p;.;[”/—-F —+v—= +v—i|:—i—iu’
¢ 0x 0x ay ay 0x K
s + 2| L0 P (20)
—pocluly + 2| = 2= 2
e ¢ | 9x2 ay? 972
ov  _adv ov  _ov op’
%Pdiwl wl+wq:mi_iwwwr
¢ ax ax ay ay ay K
| | - n Zv/ N azv/ N azv/ (21)
— Pl + = —+ —+—
P ¢ | 0x2  9y? 022
P _8w’+_8w’ __ap’_u ,
—|li—+tr—|=—F—-Zw
¢ ox oy iz K
o’ + wl o*w 4 a%w’ 4 a%w’ )
e o
e ¢ | 0x2 0y? 022
AaT’ N _aT’ N T +_8T’ N T
T et il —_ el
at 0x 0x v ay v ay
02T’ " 0T’ " 02T’ 23)
=«
0x2 0y? 072

where, to linealize the disturbance quantities, the terms |u|u’, |u|v’,
and |u|w’ in Eqs. (20-22) are approximatedas uu’, uv’, and uw’ by
letting |u| = /[(# +u')> + (0 + V') + (W)~ |i| = i.

When the method of order-of-magnitude analysis described by
Hsu and Cheng!? is followed, the terms du’/dx and 3T’'/dx?* in
Eqgs. (19) and (23) can be neglected. The pressure terms p’ in
Eqgs. (20-22) are eliminated by cross differentiationand subtraction.
Next, the resultingequationsare differentiated with respect to z, and
the substitutionof dw’/dz = —dv’/dy from the continuity equation
is employed to remove the terms involvingthe componentw’ and its
derivatives. These operationslead to the following set of equations,
which include only the disturbance quantitiesu’, v’, and 7":

%u' du  _ 3’ au 9%’ 43 %’ +a HEETd
Sl et S R LRy A
¢2 9z% 9x 0xdz2  dy 0z2 v8y822 9x29y

v 9% w *u 9%’
t—— == —=+—
0x 0y? K\ 0z2 0x0dy
aﬁ av - _9%u/ ti 9%’
- U— + 1
P\ ox 3y T "3z T “axay

u[ du 84v’i|

di 9% e 9%’
el L P LA
d0x 0xdy 0x0y?

ol —=—t+—=+ +—_— 24
¢ | 9y20z2  0z*  0x0y?  0xdyoz? 24)

9%u’ L. 9%’ v 3%v _ % _ %
u ——+v +u
¢2 322 ox 0x9z2  dy 072 0yoz? 0x9y?

. u 9%’ . _o% . v 9%V’ 9%’ . 9%’
e j— | == z
dy 0x9y 9y’ 9y 9y? K B2 ay?
du dv’ 4 _9%v +i 9%’
— pol| —m— +ii— +u—
- dy dy 072 ay?

92 i a“’+a4’+a4’+ o'’ 25)
072 (b 0y20z2 0z4 ay*  0y20z2

+ 08B

)\BT’ _oT’ LT’ - _oT’ . 8T a2T’ - 02T’
- w—_— 4
ot 0x 0x dy ay dy? 92>
(26)
Next, by applying the nonparallel flow model, the three-
dimensional disturbance quantities are expressed as
w'(x,y,z,1) = u(x,y) expliaz + ot + y(x)]
V'(x,y,2,1) = U(x,y) -expliaz + ot + y (x)]

T'(x,y,z, 1) =T(x,y) -expliaz + ot + y (x)] 27

where a is the spanwise periodic wave number, o is the temporal
growth factor, and y (x) = f o; (x) dx, with o;(x) denoting the
spatial growth factor, which is a weak function of x. Substituting
Eqgs. (27) into Eqgs. (24-26) and setting 0 = «; = 0 for the stationary
neutral stability condition yields

P _azﬁa_ﬁ ,- 0l Zﬁaﬁ ,- 0l
@2 ox ox ay ay

_ 3% " o 9%v n LR " v 3%
i — v —_—
0x20y  0x 0xdy 0xdy?  9x 0y?

I A Y G A WL UL 1
= \k P axdy ) "=9x oy

2~ 4= 2~
n ,0%U e a*v , 07
+=|-a—+a'u+———-—a"—— 28
¢|: 0y? 0x0y3 0xdy (28)
_ - _ o
Poof 280 208 80,008 0%
@2 0x 0x oy oy 0x0y?
i 9%0 _9%0 9v 9%
- v_+_—
0y 0xdy ay? 9y 9y?
" " 9%0 ou v
= ci || —a*v+— —_—
Po 3y? Po 3y 9y
2~ 4~ 2~
n ,0% 4~ 00 , 0% 25
+—=|-a—+av+——-a"— | — a’T 29
(/)[ Y oy Py p8p (29)
_aT+~aT+_aT+ aT 9T 27 30)
i—+i—4+v—+i—=a|l ——a
0x 0x oy oy dy?

with the boundary conditions

u=v=T=0 a y=0 and y—> o0 31

Next, by introducing the following dimensionless quantities

+ + D
wtE, ) = ——, vt =—
v(Gr,/5)5 S5av(Gr,/5)5
T T ax
0T, n) = —— = , k= ———— (32
=5 = T Gt @

Eqgs. (28-31) can be transformed into a system of equations in di-
mensionless form as

1 ou™
—D%ut +a, Dut + aut + @E + agvt +asDvt + ag D*vt

3(D*v*)

3(Dv*)
+
0&

0&
3(D*v™) 92 (Dv™)

=0 33
+an oF +ap T (33)

+a; D*vt + agD*v*t + ay

10
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1 v+
ZDW + b, D" + b,D*v* + by;Dut + byvt + b;%

+ 2+
béa(Dv ), b78(D v)

bgu™ + byt =0 34

+ oF oF + bsu™ + by (34)
90+

D20 4+ ¢, DO + 01 + cyut + vt + c5¥ =0 (35)

with the boundary conditions
ut"=vt=DvF=0"=0 at n=0 and n—>o00 (36)

In Eqgs. (33-36), D denotes partial differentiation with respect to n
and the coefficients a,, b,, and c,, which are determined from the
solutions of the base flow problem, are given by

1
a; = —=[C — (m = 2)nf']

¢2
2 1 )
azz—;—gU—F[B-f—(Zm-f-l)f]
2m—2), , 25 ( Gr, 3 7
az = T§f7 a, = _Ek(?) f
a=2t K pH 4 om+ y——
¢ (Gr,/5)3 k(Gr./5)3
i(m—Z)(2m+1)f,+ 2m + 1 B
P k(Gr,/5)} 9 k(Gr,/5)}
m—2 kn (m—=2mé m-—=2 n
ae = 1 1 1 B
¢ (Gr./5)5 k(Gr./5)3 > k(Gr./5)3
+i(m—1)(m—2)n ,_3m—1 C
¢ k(Gr,/5)3 9 k(Gr./5)}
_m— 2 E
¢’ k(Gr,/5)%
_ _9Y2,2 _
= — 4m —3 1 _Lz(m 2) nl Fro (m 2)nlc
¢k(Gr,/5)s ¢ k(Gr,/5)5 ¢2k(Gr,/5)3
m—2 n
ag = -

b k(Gr./5)3

ag = (4 —2m)é |:l k + U i|

¢ (Gr./5)5  k(Gr,/5)%

_i(m—Z)(2m+1)§f,+4—2m £B

P k(Gr,/5)% P k(Gr./5)*
4 (m—2%E , 4—2m &
do =773 T/ T T, 7€
®* k(Gr,/5)3 ¢*  k(Gr./5)3
4-2m & 4 (m—2)%2
an = — P o = —=>— 71

¢ k(Gr.5)t 29 k(Gr 5t

_1 — et
b, _¢2|:(m+3)f+(4 2m)§a§i|

_ 2 2-ml L 0
by = ¢k U+ [f+2§a§}

k2 0, 2 1
by :_Gf//_ﬁ[(m+3)f_2(m_2)5£i| —%fﬂ

_E 2 2-m 2 ’ " __ a_f/
b4—¢+§kU+ pE k|:f+7]f 2§a§:|
4-2 4—2
bs = ¢2’"5k2f', b = —Tmsf”
4 —2m m—2 kE
by = — g by = —m— s 12
: el R T RS

B)
¢ = Pr|:(m +3)f+@- 2m)§£i|, ¢y = —(k* + 5mPrf")
1
Gr, \°
c3=—Pr-F, Cy = —5kPr T o'
cs = —(@4 —2m)Pr&f’ 37
In Eq. (37), the expressionsfor B, C, E, F, G, H, and U are
a ’
B=Qm+ 1 f +@m—=2)nf"+ (4—2"1)58—];
5 af
C=m+3)f+ m-—2nf +(4—2m)§¥
/ 2 1 af
E=m+3)f+Q@m—nf'+m—2)n°f —1055
aZf af/
4(m — 2)g?—= — 4(m — 2nE—
40 = 28775 — A — g
F—m0+m_2 0,+4—2m 00
- . KT
G = 1_7',‘l/(27m)§5/(472m)7 H = G
k(Gr,/5)%
o CK _
U1+ 22K 3%
&
=1 + Frl/(me)S(l+2m)/(472m)f/ (38)

Equations (33-35), along with the boundary conditions (36), con-
stitute the mathematical system for the flow instability problem.
They are coupled parabolic partial differential equations, but the
boundary conditions are not sufficient to give any initial profile
at a certain &, position. Therefore, the commonly used “marching
method” for parabolic partial differential equations can not be em-
ployed to obtain the complete solution. Two solution methods are
generally employed to solve such a system of equations: the local
similarity approximationand the local nonsimilarity approximation.
With the local similarity approximation, the amplitude functions of
the disturbances are assumed to have a weak dependence in the
streamwise direction, that is, d/0& < 9/97, and all terms involving
the derivative with respect to £ are neglected. This approach is the
local similarity method and corresponds to the quasi-parallel flow
model. The system of partial differentialequations (33-35) are then
reduced to a set of ordinary differential equations, whose solution
can be obtained with the boundary conditions (36).

To apply the fully nonparallel flow model in the instability analy-
sis, the local nonsimilarity solution method should be employed.
In the solution by the local nonsimilarity method, all terms in
Eqgs. (33-35) are retained. Next, Eqs. (33-35), as well as the bound-
ary conditions (36), are differentiated with respectto & to give three
additional partial differential equations for du™ /3¢, dv™/d¢, and
90+ /d&, along with the corresponding additional boundary condi-
tions. To obtain the next higher order of equations for 3%u* /9&2,
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0%v*/9&2, and 920% /3&2, the resulting differential equations and
boundary conditionsfordu™ /&, dvt/9&,and 96T /9§ are differen-
tiated again with respectto &. For the third level of truncation, all of
the terms involving the third-order partial derivative with respectto
&, suchas 9°u™ /083, 33v*/0&3%, and 330% /9&3, are neglectedin the
resulting equations and boundary conditions. This operation leads
to the following system of equations and boundary conditions for
ut,vt, 07,86 =0ut/3E, 0 =0v" /3L, 0 =007 /05, q =0%ut/IE?,
g=10%v"/0&%, and h = 0?6+ /9&%:
(1/¢)D*u™ +a, Dut + au™ + a38 + ayv™ + asDvt + ag D*vt
+a; D*v" +agD*v" +ay Do +aj Do
+a,,D’c +a,,Dg =0
(1/¢) D*vt + b, D3v*t + b, D*v* + by Dvt + byv™ + bso
+bs Do + b; D’0 + bsu™ + by =0
D*0% 4+ ¢, DOY + .07 +csut + vt F s =0
(1/¢*) D8 +d, DS + d»8 + dsu™ + dy Du™ + dsv™ + dg Dv*
+d; Do +dy D’vt +dy Dt +diog + dyjo + di» Do
+d3D% +dyD’c +disD*o +dsDg
+d;D’g+disD’g =0
(1/¢9)D*c + e, D30 + e, D’ + e3 Do + 40 + esut + egh™
+e,vT 4+ eg Dvt + e D?vt + ¢y Dt
+e 8 +epg+esDg+eD’g+esw=0
D’w + fi Do+ fw+ f26% + £, D07 + fsv*
+ fob + fro + fsut + foh =0
(1/¢)D*q +1,Dq + Lg + lu™ + 1, Dut + 158 + I Ds + ;v
+IgDvt + Iy D*vt + 1,y D*vt +1;; D*v* + [0 + 113 Do
+1,D% +1,5D% +1,sD*c + 158
+l1sDg + 11y D*¢ + 1y D’g + I, D*g
(1/¢)D*g +m  D’g +m, D*g +m3Dg +myg + msv*
+mgDvt 4+ m,; D*vt + mg D’v 4+ mgo + myy Do
+my D’o +mp Do +myzut +myud+msq
+mi0" +mpzw +migh =0
D’h +n, Dh + nyh + n;0 + ny Do + ns0" + ngDO* + nqu’*
+ngd + nog +niopv* +ny0 +npg=0 (39)
with the boundary conditions
ut=vr=Dvt=0t=8§=0=Do=w
=q=g¢g=Dg=h=0 at n=0 and n—>o00 (40)

In Eq. (39), the coefficients a,, b,, and ¢, are as given in Eq. (37).
However, to conserve space, the coefficients d,, e,, f, l,, m,, and
n, are not presented. They are available elsewhere 2

The set of coupled homogeneous linear ordinary differential
equations (39), along with the homogeneous boundary conditions
(40), constitutes a closed form of the mathematical system for the

instability problem, which is an eigenvalue problem of the form

E(Gr., k; Pr,m,¢, Fr,§) =0 41

In the determinationof the neutral stability curve for given values of
wall temperature exponent 72, Prandtl number Pr, medium poros-
ity ¢, Forchheimer number Fr, and local Darcy number Da, or
nonsimilarity parameter &, the value of wave number k satisfying
Eq. (41)is soughtas the eigenvaluefor a prescribed value of Grashof
number Gr,.

III. Numerical Method of Solutions

The system of Eqs. (14-16) for the base flow are solved by an
efficient and accurate implicit finite difference method that is sim-
ilar to that described by Cebeci and Bradshaw.?! Along with the
use of a cubic spline interpolation procedure, the base flow solu-
tions provide the base flow quantities f, f’, f”, 6, 6', and their
partial derivatives with respect to &, which are required in the flow
instability calculations.

The instability problem, which is described by the system of cou-
pled homogeneous linear ordinary differential equations (39), with
homogeneousboundary conditions (40), can also be solved with the
similar implicit finite difference method. It suffices to mention the
highlights of the eigenvalue problem. With a preassigned value of
the nonsimilarity parameter £ = 1/[Da, (Gr,/5)*°], the base flow
solution is first obtained for fixed Prandtl number Pr, Forchheimer
number Fr, medium porosity ¢, and wall temperature variation ex-
ponentm. Next, with a guessed value of wave numberk as the eigen-
value and a nonzero value boundary condition [D>v+(£,0)=1] as
the normalizing condition, the eigenvalue problem is solved for
a fixed Grashof number Gr,. The guessed eigenvalue k is then
adjusted by the Newton—Raphson differential-correction iterative
scheme until all the boundary conditions at the wall (n = 0) are sat-
isfied within a certain specified tolerance (¢ =1 x e—6). This yields
aconvergedvalue of k for given valuesof m, Pr, ¢, Fr,Gr,,and §.

In the numerical calculations, a step size of A& =0.01 was used
and found to give accurate results for both the base flow and the
disturbance flow. Note that a larger step size A can be used in the
solution of the base flow when the values of £ are very large, so that
the computation time can be saved. In the n direction, An =0.01
was found sufficient to give accurate results in both the base flow
calculations and the instability calculationsfor any Prandtl number.
The value of boundary-layerthicknessn,, was setto 10.0for& < 10,
but a larger value of 1, was required to obtain convergentsolutions
for a larger value of £ (1., = 15 for £ =30 and 1., =20 for £ =50)
because of the increasing boundary-layerthickness.
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Fig. 2 Local Nusselt number vs £ for Darcy flow and non-Darcy flows,
m=0.
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IV. Results and Discussion

Representative numerical results are presented for the cases of
m =0, which corresponds to the constant wall temperature con-
dition, and m = %, which corresponds approximately to the con-
stant wall heat flux condition, because g, (x) = —k(dT/dy)y—o =
—k(T, — Ts)0'(£,0)(Gr,/5)'/3 Jx ox x23m = D59/ (£, 0). Moreover,
the Prandtl number Pr and medium porosity ¢ are set to be 0.72
and 0.98, respectively.

The velocity and temperature distributions across the boundary
layer in the base flow are omitted here because they are similar to
those shown by Chang and Jang.'® Only the local Nusselt number
variation with &, or the dimensionless surface temperature gradient,
—6'(&, 0), is shown in Fig. 2 for the case of constant wall tempera-
ture, that is, m = 0. Figure 2 shows clearly the different non-Darcy
effects on the local surface heat transfer rate. The three non-Darcy
effects (convective effect, Brinkman viscous diffusion effect, and
Forchheimer form-drag effect) all tend to reduce the heat trans-
fer rate at the wall. It is seen that both the Darcy model and the
Forchheimer non-Darcy model, that is, only the form-drag effect is
considered, overpredict the heat transfer rate at the wall when £ is
small and are valid only for large values of £ (§ > 10). Based on a
comparison of results between the case of pure Brinkman viscous
diffusioneffect and the case of two effects (with both the Brinkman
viscous diffusion effect and the convective effect, but without the
Forchheimer form-drag effect), the convective effect is seen to be-
come important when £ < 3. Moreover, from a comparison between
the results from solutions of the two effects (with Fr = 0) and three
effects (with Fr =10), itis seen that the form-drag effect becomes
significant when the value of £ is larger than 0.5.

Figures 3a and 3b show the neutral stability curves (Gr, vs k
curves)for Darcy flow andnon-Darcyflows (two effectswith Fr =0
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Fig. 3 Neutral stability curves for different cases, £ = 10. a) m = 0
and b) m =1/3.

and three effects with F'r = 10) for§ =10andm =0 and %, respec-
tively. Solutions from the parallel flow model and the nonparallel
flow model are shown in both figures for comparisons.It can be seen
that a large discrepancy in the instability results exists between the
parallel flow model and the nonparallel flow model. It is noted that
a neutral stability curve separates the unstable flow domain (above
the curve) from the stable flow domain (below the curve). Thus,
the flow is unstable when a pair of (Gr,, k) lies above the curve,
and the flow is stable when it lies below the curve. The minimum
Gr, value on a neutral stability curve is the critical Grashof number
Gr?, with a corresponding wave number k*, which signifies the on-
set of the instability of flow. The parallel flow model underpredicts
the critical Grashof number Gr} as compared to the nonparallel
flow model. This means that the dependence of the disturbanceam-
plitudes on the streamwise coordinate (that is, x or &) cannot be
neglected in the instability analysis because the &-dependent dis-
turbance terms neglected in the parallel flow model have a great
stabilizing effect. In both Figs. 3a and 3b, the non-Darcy effects
are seen to shift the neutral stability curves upward as compared to
the case of Darcy flow, which indicates that all of the non-Darcy
effects examined here contribute to the stabilization of the flow to
the vortex mode of instability. Furthermore, a comparison between
the two effects (with F'r =0) and three effects (with Fr =10) in-
dicates that the form-drag effect causes the flow to become more
stable.

Figures 4a and 4b show a comparison of the neutral stability
curves for selected values of m(0 and 1/3) for non-Darcy flows,
respectively, for two effects with Fr =0 and three effects with
Fr =10. It is seen from Figs. 4a and 4b that m =0 (that is, the
constant wall temperature case) represents the most unstable flow
situation and that a flow with a larger value of m is less susceptible
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Fig. 4 Neutral stability curves for selected valuesofm, £ =10.a) Fr =0
and b) Fr =10.
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Table1 Critical Grashof numbers Gr} for Darcy flow and non-Darcy flows, m = 0

Two effects (Fr =0)

Three effects (Fr =10)

3 Darcy flow Parallel flow Nonparallel flow Parallel flow Nonparallel flow
0.1 4.4 1,154.4 2,983.5 1,157.3 2,983.6
0.5 64.6 1,375.9 3,189.3 1,414.3 32573
1.0 205.3 1,690.75 3,652.0 1,820.7 3,853.8
5.0 3,001.9 5,258.9 9,858.6 6,674.1 12,5242
10.0 9,530.7 12,394.4 22,0873 15,912.7 29,840.9
20.0 30,258.1 30,886.7 59,007.6 37,518.5 77972.3
30.0 59,474.0 56,464.2 109,728.1 71,964.9 142,693.1
40.0 96,063.5 86,604.9 166,474.3 112,462.3 222,703.3
50.0 139,339.8 123,617.1 248,874.1 154,982.1 308,776.1
10° & lies below the curve for Darcy flow; that is, their analysis has pre-
S parallel flow dicted lower critical Grashof numbers in the presence of form-drag
I —— non-parallel flow effects.
107 V. Conclusions
F The non-Darcy effects (convective, viscous diffusion, and form-
F - drag effects) on the vortex instability of natural convection flow in
10* o a fluid-saturated porous medium over a horizontal plate are ana-
E ) lyzed using the linear theory in conjunction with the nonparallel
L=%" 7 flow model. The resulting system of coupled parabolic differential
) e i - va equations for the disturbance amplitude functions in dimensionless
GOV E g form are converted into a system of homogeneous linear ordinary
§ e ) differential equations with homogeneous boundary conditions by
L 3 the local nonsimilarity method. The resulting eigenvalue problem
102 _/'/ is then solved by an implicit finite difference method. The major
E d findings from the present study are as follows. 1) The convective,
- e é ?Wlfgz gfgce;tcsts(F(f:r(:))l()) viscous diffusion and form-drag effects all reduce the heat transfer
o'k /,/' 3 Darcy flow [9] rate at the wall and contributeto stabilizationof the flow to the vortex
E mode of instability.2) The parallel flow model underpredictsthe on-
¢ set of thermal instability as compared to the nonparallelflow model.
L 3) It is more appropriate to employ the nonparallel flow model in
1020_1 L %:)“ R 1161 I the vortex instability analysis than the parallel or quasi-parallel flow

Fig. 5 Comparison of the critical Grashof numbers between Darcy
flow and non-Darcy flows, m = 0.

to the vortex mode of instability. This is because the case of m =0
corresponds to a step change in the wall temperature, which indi-
cates a heating condition that causes the flow to be more susceptible
to thermal instability than the case of m = %, which has a slower
rate of increase in the wall temperature along the plate.

The critical Grashof numbers Gr}, which mark the onset of
longitudinal vortex rolls, are shown in Fig. 5 for Darcy flow and
non-Darcy flows with two effects (with Fr =0) and three effects
(with Fr =10). The result for Darcy flow is taken from the work
of Hsu et al.” A comparison of the results between the parallel flow
model and the nonparallelflow model for the non-Darcy flow is also
made in Fig. 5. For completeness, all critical Grashof number (Gr})
results are listed in Table 1. It can be seen clearly from Fig. 5 and
Table 1 that the parallel flow model always predicts a lower critical
Grashof number for any value of £. When Darcy flow and non-Darcy
flow are compared, it is seen that all of the non-Darcy effects (con-
vective, viscousdiffusion,and form-drageffects)contributeto stabi-
lizationof the flow. The Darcy model greatly underpredictsthe onset
of longitudinalvortex rolls when the value of £ is small (such as flow
in a porous medium with high permeability). The discrepancyin the
Gr¥ values between the Darcy flow and non-Darcy flow decreases
with increasing value of &. In addition, a comparison of the G re-
sults between the two effects (with F'r = 0) and three effects (with
Fr =10) indicates again that the form-drag effect has a stabilizing
effecton the flow, butit can be neglected when the value of £ is small
(€ <0.6). It is noted from Fig. 5 that for large £ values the curve for
the three effects (with Fr = 10) lies above the curve for Darcy flow.
In contrast, the curve for the three effects given by Chang and Jang'®

model.
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